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Abstract
Let r ≥ 2 and c > 0. Every graph on n vertices with at least cnr cliques on r vertices
contains a complete r-partite subgraph with r − 1 parts of size ⌊cr log n⌋ and one part of
size greater than n1−c
r−1
. This result implies the Erdo˝s-Stone-Bolloba´s theorem, the essential
quantitative form of the Erdo˝s-Stone theorem.
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Main results
This note is part of an ongoing project aiming to renovate some classical results in extremal graph
theory, see, e.g., [5], [12, 15].
Recall a result of Erdo˝s and Stone [7]: every graph with n vertices and ⌈cn2⌉ edges contains a
complete bipartite subgraph with each part of size ⌊a log n⌋, where c, a > 0 are independent of n.
One generalization of this result stems from the fundamental theorem of Erdo˝s and Stone [7]:
every graph with n vertices and ⌈(1− 1/r + c)n2/2⌉ edges contains a complete (r + 1)-partite graph
with each part of size g (r, c, n) , where, for r and c fixed, g (r, c, n) tends to infinity with n. In [3]
Bolloba´s and Erdo˝s found that g (r, c, n) = Θ (log n) , and in [2], [4], [6], and [8] the function g (r, c, n)
was determined with great precision.
In this note we deduce the Erdo˝s-Stone-Bolloba´s result from weaker premises. Also, in our setup
c may be a function of n, say c = 1/ ln lnn and the bounds on g (r, c, n) remain meaningful; such
results are beyond the scope of the papers mentioned above.
Our notation follows [1]. Thus, Kr (s1, . . . , sr) denotes a complete r-partite graph with parts of
size s1, . . . , sr, and an r-clique is a complete subgraph on r vertices. We write E (G) for the edge set
of a graph G and Kr (G) for the set of its r-cliques; we let e (G) = |E (G)| and kr (G) = |Kr (G)|.
Given M ⊂ Kr (G) , we write Ks (M) for the set of s-cliques contained in members of M. Given
a subgraph H ⊂ G such that H = Kr (s1, . . . , sr), we say that M covers H if E (H) ⊂ K2 (M) and
H contains min {s1, . . . , sr} disjoint members of M.
Here is our main result.
Theorem 1 Let r ≥ 2, cr lnn ≥ 1, and G be a graph with n vertices. Every set of at least cnr
r-cliques of G covers a Kr (s, . . . s, t) with s = ⌊c
r lnn⌋ and t > n1−c
r−1
.
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Remarks
- Using random graphs, it is easy to see that most graphs on n vertices contain no complete
bipartite subgraphs with both parts larger than C log n, for some C > 0, independent of n.
Hence, Theorem 1 is essentially best possible.
- Theorem 1 implies the Erdo˝s-Stone-Bolloba´s theorem. Indeed, in [9] (see also [11], Problem
11.8) it is proved that if ks (G) > 0, then
(s+ 1) ks+1 (G)
sks (G)
−
n
s
≥
sks (G)
(s− 1) ks−1 (G)
−
n
s− 1
.
Thus, if e (G) ≥ (1− 1/r + c)n2/2, we find that kr+1 (G) > (c/r
r)nr+1, and so G contains a
Kr+1 (s, . . . s, t) with
s =
⌊
(c/rr)r+1 lnn
⌋
, t > n1−(c/r
r)r .
This is slightly stronger than the Erdo˝s-Stone-Bolloba´s result and is comparable with those
established in [4].
- The exponent 1− cr−1 in Theorem 1 is not the best one, but is simple.
We deduce Theorem 1 from a routine lemma, proved here for convenience.
Lemma 2 Let F be a bipartite graph with parts A and B. Let |A| = m, |B| = n, r ≥ 2, (lnn)−1/r ≤
c < 1/2, and s = ⌊cr lnn⌋ . If s ≤ (c/2)m + 1 and e (F ) ≥ cmn, then F contains a K2 (s, t) with
parts S ⊂ A and T ⊂ B such that |S| = s and |T | = t > n1−c
r−1
.
Proof Let
t = max {x : there exists K2 (s, x) ⊂ F with part of size s in A} .
For any X ⊂ A, write d (X) for the number of vertices joined to all vertices of X. By definition,
d (X) ≤ t for each X ⊂ A with |X| = s; hence,
t
(
m
s
)
≥
∑
X⊂A,|X|=s
d (X) =
∑
u∈B
(
d (u)
s
)
. (1)
Set
f (x) =
{ (
x
s
)
if x ≥ s− 1
0 if x < s− 1,
and note that f (x) is a convex function. Therefore,
∑
u∈B
(
d (u)
s
)
=
∑
u∈B
f (d (u)) ≥ nf
(
1
n
∑
u∈B
d (u)
)
= n
(
e (F ) /n
s
)
≥ n
(
cm
s
)
.
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Combining this inequality with (1), and after rearranging, we find that
t ≥ n
cm (cm− 1) · · · (cm− s+ 1)
m (m− 1) · · · (m− s+ 1)
> n
(
cm− s+ 1
m
)s
≥ n
( c
2
)s
≥ n
(
eln(c/2)
)cr lnn
= n1+c
r ln(c/2) = n1+2c
r−1(c/2) ln(c/2).
Since c/2 < 1/4 < 1/e and x ln x is decreasing for 0 < x < 1/e, we see that
t > n1+2c
r−1(c/2) ln c/2 > n1+c
r−1(1/2) ln 1/4 > n1−c
r−1
,
completing the proof. ✷
Proof of Theorem 1 Let M ⊂ Kr (G) satisfy |M | ≥ cn
r. To prove that M covers a Kr (s, . . . s, t)
with s = ⌊cr lnn⌋ and t > n1−c
r−1
, we use induction on r.
Suppose r = 2 and let A and B be two disjoint copies of V (G) . Define a bipartite graph F with
parts A and B, joining u ∈ A to v ∈ B if uv ∈ M. Set s = ⌊c2 lnn⌋ and note that s ≤ (c/2)n + 1.
Since e (F ) = 2 |M | > cn2, Lemma 2 implies that F contains a K (s, t) with t > n1−c. Hence M
covers a K2 (s, t) , proving the assertion for r = 2. Assume the assertion true for 2 ≤ r
′ < r.
For a set N ⊂ Kr (G) and a clique R ∈ Kr−1 (N) let dN (R) be the number of members of N
containing R. We first show that there exists L ⊂ M with |L| > (c/2)nr such that dL (R) > cn for
all R ∈ Kr−1 (L) . Indeed, set L = M and apply the following procedure.
While there exists an R ∈ Kr−1 (L) with dL (R) ≤ cn do
Remove from L all r-cliques containing R.
When this procedure stops, we have dL (R) > cn for all R ∈ Kr−1 (L) and also
|M | − |L| ≤ cn |Kr−1 (M)| ≤ cn
(
n
r − 1
)
<
c
(r − 1)!
nr ≤
c
2
nr,
implying that |L| > (c/2)nr, as claimed.
Since Kr−1 (L) ⊂ Kr−1 (G) and
|Kr−1 (L)| ≥ r |L| /n > r (c/2)n
r/n = (rc/2)nr−1,
the induction assumption implies thatKr−1 (L) covers anH = Kr−1 (m, . . . ,m) withm =
⌊
(rc/2)r−1 lnn
⌋
.
For a subgraph X ⊂ G and a vertex v ∈ V (G) , write X + v for the subgraph of G induced
by V (X) ∪ {v}. Let A be a set of m disjoint (r − 1)-cliques in H that are members of Kr−1 (L) .
Define a bipartite graph F with parts A and B = V (G) , joining R ∈ A to v ∈ B if R+ v ∈ L. Set
s = ⌊cr lnn⌋ . Since dL (R) > cn for all R ∈ Kr−1 (L) , we have e (F ) > cmn. Also, we find that
s ≤ cr lnn < (c/2) (rc/2)r−1 lnn < (c/2)
⌊
(rc/2)r−1 lnn
⌋
+ 1 = (c/2)m+ 1.
Lemma 2 implies that there exists K2 (s, t) ⊂ F with parts S ⊂ A and T ⊂ B such that |S| = s
and |T | = t > n1−c
r−1
. Let H∗ be the subgraph of H induced by the union of the members of S;
clearly, H∗ = Kr−1 (s, . . . , s). Since R + v ∈ L for all v ∈ T and R ∈ Kr−1 (H
∗) , we see that L
covers a Kr (s, . . . , s, t), completing the induction step and the proof. ✷
3
Concluding remarks
Finally, a word about the project mentioned in the introduction: in this project we aim to give
wide-range results that can be used further, adding more integrity to extremal graph theory.
Acknowledgement Thanks to Be´la Bolloba´s, Sasha Kostochka, and Cecil Rousseau for helpful
discussions.
References
[1] B. Bolloba´s, Modern Graph Theory, Graduate Texts in Mathematics, 184, Springer-Verlag,
New York (1998).
[2] B. Bolloba´s, P. Erdo˝s, On the structure of edge graphs, Bull. London Math. Soc. 5 (1973),
317-321.
[3] B. Bolloba´s, P. Erdo˝s, M. Simonovits, On the structure of edge graphs II, J. London Math.
Soc. (2) 12 (1976), 219–224.
[4] B. Bolloba´s, Y. Kohayakawa, An extension of the Erdo˝s-Stone theorem, Combinatorica (3) 14
(1994), 279–286.
[5] B. Bolloba´s, V. Nikiforov, Joints in graphs, to appear in Discrete Math.
[6] V. Chva´tal, E. Szemere´di, On the Erdo˝s-Stone theorem. J. London Math. Soc. (2) 23 (1981),
207–214.
[7] P. Erdo˝s, A.H. Stone, On the structure of linear graphs, Bull. Amer. Math. Soc. 52 (1946),
1087–1091.
[8] Y. Ishigami, Proof of a conjecture of Bolloba´s and Kohayakawa on the Erdo˝s-Stone theorem,
J. Combin. Theory Ser. B (2) 85 (2002), 222–254.
[9] N. Khadzˇiivanov, V. Nikiforov, The Nordhaus-Stewart-Moon-Moser inequality, (Russian),
Serdica (4) 4 (1978), 344–350.
[10] T. Ko¨vari, V. So´s, P. Tura´n, On a problem of K. Zarankiewicz, Colloquium Math. 3 (1954),
50–57.
[11] L. Lova´sz, Combinatorial problems and exercises, North-Holland Publishing Co., Amsterdam-
New York (1979).
[12] V. Nikiforov, Turan’s theorem inverted, submitted for publication. Preprint available at
http://arxiv.org/abs/0707.3394
[13] V. Nikiforov, Stability for large forbidden graphs, submitted for publication. Preprint available
at http://arxiv.org/abs/0707.2563
4
[14] V. Nikiforov, Graphs with many copies of a given subgraph, submitted for publication. Preprint
available at http://arxiv:0711.3493
[15] V. Nikiforov, Complete r-partite subgraphs of dense r-graphs, submitted for publication.
Preprint available at http://arxiv.org/abs/0711.1185
5
